ON SCHATTEN-VON NEUMANN CLASS PROPERTIES OF 
PSEUDO-DIFFERENTIAL OPERATORS. THE CORDES-KATO 

METHOD. 
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Abstract. We investigate the Schatten-class properties of pseudo-difTcrential 
operators with the (revisted) method of Cordes and Kato. As symbol classes 
we use classes similar to those of Cordes in which the L°° -conditions are 
replaced by LJ'-conditions, 1 < p < oo. 



1. Introduction 



In two classical papers jJU] and H.O. Cordes and T. Kato develop an elegant 
method to deal with pseudo-differential operators. In ^U], H.O. Cordes shows, 
among others, that if a symbol a{x,£,) defined on E" x R" has bounded derivatives 
D'^D^a for |a| , |/?| < [n/2] -I- 1, then the associated pseudo-differential operator 
A~a{x, D) is L^-bounded. This result, known as Calderon-Vaillancourt theorem, 
appears for the first time in [7] , except that the number of the required derivatives 
is different. Cordes-Kato method can be used to obtain Calderon-Vaillancourt 
theorem with a minimal Holder continuity assumption on the symbol of a pseudo- 
differential operator. (See [S] and |S] for another approach). 

The main purpose of the present paper is to describe an extension of the Cordes- 
Kato method which can be used to prove trace-class properties of pseudo-differential 
operators. Among others, we prove that A € Bp (L^ (M")) if D^D^a S LP (R" x M") 
for |q;| , < [n/2] 1 and 1 < p < oo, where Bp (L^ (M")) denote the Schatten 
ideal of compact operators whose singular values lie in 1^ . It is remarkable that 
this method can be used for (X, T)-quantization, in particular, for both the Weyl 
quantization and Kohn-Nirenberg quantization. 

For other approaches to the L^-boundedness and Schatten-class properties of 



pseudo-differential operators we refer to the works dli [21] > HHIi [271 > [2H|' 



We find it convenient to present the results in the Schrodinger representation 
formalism (or Weyl systems formalism). 

A symplectic space is a real finite dimensional vector space © equipped with a 
real antisymmetric nondegenerate bilinear form a. 

We define the Fourier measure dC 8'S the unique translation invariant, Borel 
regular measure on 6 such that the (symplectic) Fourier transform 
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is involutive (i.e.jFg ~ 1) and unitary on L^(6). We use the same notation jFe for 
the extension to 5* (6) of this Fourier transform. 

We recaU some facts in connection with the theory of canonical commutation 
relations (see [H], ^1]). We denote by Ai{6) the space of integrable measures on 
6 equipped with a unital *-algebra structure defined by the twisted convolution 

(AiXi.)(0- / ei-(«^");i(e- 77)1/(77) dr/ 
Je 

as product, /i*(0 — involution and d the Dirac measure at as unit. These 

definition must be interpreted in the sense of distributions, i.e. for / € Co{&): 

J^fiOdifiXvm = |y'e^-(«'")/(e + 77)dM(C)d^(?7), 

/ /(OdA^*(0 = / 7R)dA*(0- 

Let A4 {&) be the space of Fourier transforms of measures in A4(&), provided 
with the product a o b — Te x and with the usual conjugation a* = a(= 

Te (a*))- M. (&) becomes a unital ^-algebra, with the function identically equal 
to 1 (Te (^) = 1) as unit. Observe that M. (S) consists of bounded continuous 
functions on S. The product a o 6 is called composition product. 

By representation of a symplectic space 6 on a Hilbert space Ji we understand a 
strongly continuous map W from S to the set of unitary operators on 7i satisfying: 

(2.1) W(0 W(77) = e*'"(«'")>V(e + 77) for all ^,ri e &. 
This iniphes W (0) = 1, W (^)* W (-0 and 

(2.2) W(C) >V(77) = e''"(«''')>V(77) >V(0 for all S^.rj e &. 

The couple (7i, W) is also called Weyl system associated to the symplectic space 
6. 

For integrable Borel measures /i on 6, we denote 

(2.3) W(m)- / W(OdM(0- 

Je 

One can easily check then that 

W (m X w) = W (^) W (u) and W (^i*) = W (//)* , 

i.e. W : B{TL) is a ^-representation of A^(6) on the Hilbert space Ti. 

Note that for any ^ S S, W (<5^) = VV(^), where 5^ is the Dirac measure at ^. 

There is a bijective corespondence betweeen faithful (irreducible) ^-representations 
Op : {&) B{H) and strongly continuous representations W : & ^ U {H) 
(which act irreducibly in Ti.). The corespondence is specified by 

(2.4) Op (a) = a (i?) = W (S) = / W (0 da (0 

Je 

for a G The application Op is called Weyl calculus. Op (a) being the 

operator associated to the symbol a. 

Let S be the dense linear subspace of H consisting of the C°° vectors of the 
representation W 

(2.5) S = S{n, W)^{ipen:&3^^ WiOf eHis aC°° map} . 
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For each (, E 6 the family {W(t^)}(gjj is a strongly continuous unitary represen- 
tation of M in H which leaves S invariant. We denote a{£,,R) the infinitesimal 
generator of this group, so that 

(2.6) >V(tC) e'*''^^'-"\ forallteR. 

Clearly S C D {a{£^, R)), S is stable under a{^,R), and cr(^,i?) | S is essentially 
self-adjoint by Nelson's lemma (Theorem VIII. 11 in (2]). From (|2.1|l and (|2.2|l we 

get 

a{^ + 7],R) = a{^,R) + a{7j,R), 

(2.7) >V(0^(?7,i?)>V(-e)-a(?7,i?) + a(e,??), i[ai^,R),airj,R)] = ai^v) 

on S for all ^, 77 G S. 

Note that i? in (t(^, R) or a (i?) is the pair {Q, P), where Q is position and P is 
momentum observable in physics and the pair [x, D) for users of pseudo-differential 
calculus as presented , for example, in ch. XVIII of ^B] or in |11| . 

The space S can be described in terms of the subspaces D {a{£^,R)) 

S = f] n DiaiC,,R)...a{^,,R)) 

= n n Diai^,,R)...a{C„R)), 

where S is a (symplectic) basis. The topology in S defined by the family of semi- 
norms \ IHIj. . , \ 

Mk,i^,■■■,^, = h{^i,R)-.a{^k,RMn > ^ e 5 

makes S a Frechet space. We denote by S* the space of all continuous, antilinear 
(semilinear) mappings S ^ C equipped with the weak topology (t{S*,S). Since 
S ^ Ti. continuously and densely, and since Ti. is always identified with its adjoint 
7i*, we obtain a scale of dense inclusions 

such that, if (•, •) : S x S* C is the antiduality between S and S* (antilinear 
in the first and linear in the second argument), then for ip Cz S and u G 7i, if u is 
considered as an element of S* , the number {(p,u) is just the scalar product in Ti.. 
For this reason we do not distinguish between the the scalar product in Ti and the 
antiduality between S and S* . 

For ^ G S, W(^) and W(— ^) are topological isomorphisms of S such that 
Wi-OyViO = = l5- Hence we can extend >V(0 to S* as the adjoint 

of the mapping of W(— ^)|5. Then W(^) and W(— ^) are isomorphisms of S* onto 
itself such that >V(-0 = 

The first formula of (|2.7|l and an induction argument give 

w{-0<j{vi,R)-<7{Vk,R)wiO - ('^(^1, ^) + <^{vi,0) - Hvk, R) + 'y{Vk,0) 

for all ry^, ...77^, G 6. Let B — {ei, e„, e"} be a symplectic basis, i.e. we 

have for j, fc = 1, n 
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where 6jk is the Kroneker delta, equal to 1 when j = k and when j ^ k. By 
making a suitable choise of the vectors rj^, ...r]^. in B, we obtain 

^i{x,p)Qa^-i{x,p) = (g + , e-'<«'f>P;3e'<^'f> = (P + p)^ . 

Here we used the following notations 

e=X + X*, X = Rei + ...+Ren, X* = Me^ + ... + Me", 

^ = X+p, X = X^Si + ... + x'^En, p = PlS^ + ...+Pn£"', 

x^ = £7(e\^),...,a;" = a(£",^), pi = a{-si,^), ...,Pn = a{-en,^), 
{x,p) = a{p,x) = x^pi + ... + x"pn, 
x'' = {xy...{x^r% P0 = {pif^....{Pnf-, a,0eW 

and 

{Q,p)=a{p,R), pGX*, {x,P)=a{-x,R), x G X, 
W{p)=e'^^'P\ peX*, W(a;) = e-'<^'-P>, x e X, 
= (Q,s^) = a{s^,R), Pj = {sj,P)=a{-ej,R), j = l,...,n, 

These formulas together with the binomial formula give 

x'^ = {Q+x-Qr= (-!)'"'( ")(Q+a;r-^Q^ 

0<7<a ^ ^ 



0<7<a V T / 

pp = (P-(P-p))^= ^ Mp/9-7(P-P) 

0<7</3 ^ ^ 

= E (-1)'^' ( ^ ) W<'^->P7e-'^'3-^ 



0<7</3 

Hence on 5 we have 

0<7</3,0<(5<a \ / V / 

We can now prove prove the following result. 

Lemma 2.1. //</?, V' G '5, i/ien the map 6 9 ^ — » (V'l 5. e C belongs to 

<S((3). Moreover, for each continuous seminorm p on S{&) there are continuous 
seminorms q and q' on S such that 

p[{i;,W{-)ip)s,s^) <qWq'{^). 
Proof. With the above notations for ^ = a; + p we have 
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SO it suffices to study the behaviour of the map {x,p) — > e^^'^'^^e ^('■^'^'> at infinity. 
We may use the decomposition of x'^ppe^^'^'P'^ e~^^^'^'^ to obtain that 



0'/3 



s 7 

0<7</3,0<<5<a V ' . - 

0<7</3,0<5<Q \ / \ / 

Since 

0<f<a V / 

and Q'^PjsLp £ S, we conclude that all derivatives of {x,p) — > (i/j, e'^*^'P^e~'^'^'^^(^) 
have similar estimates. The proof is complete. | 

Lemma ITTl makes it natural to extend Weyl calculus from symbols in M (6) to 
symbols in S*{&). 

Corollary 2.2. Let (7i,>V) be a Weyl system associated to the symplectic space 
(S, a). Then for each ii,a £ S* {&) we can define the operators VV(/i), Op(a) : S 
S* by 



'5(e),s-(6) 

^5(S).5-(6) ■ 



>V(/i)= / W(e)M(Ode, Op(a)- / WimOdt 
The above integrals make sense if they are taken in the weak sense, i.e. for tp,^j £ S 

Moreover, from Lemma \2.1\ one obtains that 

{ip,w{^l)iJ)s^s] + \{^^^v{o)4')s.,s■] <p{{v.yv{-)i^)s,s') <q{'p)q'W, 

where p is a continuous seminorm on S{&) and q and q' are continuous seminorms 
on S. 

If on S* (6) we shall consider the weak topology a{S* {&) , S {&)) and on B{S, S*) 
the topology defined by the seminorms {pi^,^/.}^ 

p^,^{A)^\{^,A^)\, A£B{S,S*), 

then the mappings 

Op : S* (6) ^B{S,S*), a^Op(a) 
are well defined linear and continuous. 
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A subspace £' C S is called isotropic ii E C E'^ and involutive if E"' C E. If 
both are valid, i.e. E — E'^ , then E is lagrangian. An isotropic subspace X C 6 is 
lagrangian if and only if 2 dim X = dim 6 . 

Next we shall make the connection with Weyl calculus familiar to users of pseudo- 
differential calculus as presented , for example, in ch. XVIII of 15 or in pTj . 

Let X be an n dimensional vector space over R and X* its dual. Denote x, y, ... 
the elements af X and k,p, ... those of X*. Let (■, ■) : X x X* ^ M be the duality 
form, i.e. a non-degenerate bilinear form. The symplectic space is defined by 
S = T*{X) = XxX* the symplectic form being cr {{x,p) , {x',p')) = {x' ,p)-{x,p'). 
Observe that X and X* are lagrangian subspaces of 6. Let us mention that there 
is a kind of converse to this construction. Let {X,X*) be a couple of lagrangian 
subspaces of 6 such that X Ci X* — or, equivalently, X + X* — 6. If for 2: e X 
and p S X* we define {x,p) — a {p,x), then we get a non-degenerate bilinear form 
on X X X* which allows us to identify X* with the dual of X. A couple {X, X*) of 
subspaces of 6 with the preceding properties is called a holonomic decomposition 



Here da; is a Haar measure in X and dp is the dual one in X* such that Fourier's 
inversion formulas Tx' ° = ^S'(X)i J'x ° J'x* — ^S'ix-) hold. Replacing da; 
by cda; one must change dp to c~^dpso d^ = da;(g)dpis invariantly defined and 
it is exactly the Fourier measure on 6. Then the symplectic Fourier transform is 
given by 



so Te = 1 o {Tx ® Tx"), where T : S*(X* x X) S*{X x X*) is given by 
{Xb){x,p) = b{p,x). 



To each finite dimensional vector space X over M and to each Haar measure d a: on 
X, one associates a representation of the symplectic space 6 = T*{X) = X x X*, 
the Schrodinger representation, defined as follows: Ti-iX) — L^{X,dx) and for 
C = {x,p) and TpeniX) 



of 6. 



We define the (Fourier) transforms 
^x, J'x ■ 

J'X', ^X' ■ 



S* {X) S* {X*) , 
S* {X*) -^S* (X), 



by 





Equivalently, 



Remark 2.3. (a) // {ei, e„} is a 
X* , then B = {si, e„, e"} ) 
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in the Schrddinger representation. Here Mj is the multiplication operator by the 
function f. 

(b) The space S = 5(7^ (X) , W) of the C°° vectors of the Schrddinger represen- 
tation {Ti. (X) , W) is the space S{X) of tempered test functions. 

(c) The Schrddinger representation {Ti. (X) , W) is irreducible (this is just Lemma 
7.1.4 in UHl;. 

We recall that a symplectic space has only one irreducible representation (modulo 
unitary equivalence) and that each of its representations is a multiple of this one 
(see Theorem 15 in [TH], Theorem C.38 in 

In the rest of the section we shall work in the representation described above. 

For a function / on 6 = T*{X), we denote by / (Pe) the operator TigMfJ^Q on 
Ti {X). Let T be an cndomorphism of X. If for (a;,p) G T*{X) wc set 9x,t {x,p) — 
{tx,p) then we get a quadratic form on T*{X) which allows us to introduce the 
following definition. 

Definition 2.4. Let a G S* {X x X*). We can define the operator OxiR) ~ 
a^(Q,P):5(X)^5* (X) by 

a\ (i?)- j W(0^(Od?, 

where a\ = e ^-h^^^ ^'^ a. The above integral make sense if it is taken in the weak 
sense, i.e. for ip,ip G S {X) 

{if, a'x (i?) ^)s(x),S'ix) = W(-)?A)5(x)^5-(x)> ^.jQj • 

a G iS* (X X X*) is called {X,T)-symbol of {Q,P) o,nd a^ is the Weyl symbol 
of this operator. 

Let a,b e M {&). Then the Weyl symbol of the operator ax {Q, P) b^x iQi P) is 
a\ ° &x while the (X, T)-symbol is e^^^^^^^^^'-'^'^-'a^f o b\ denoted by a o and 

X 

called {X, T)-composition product. 

We shall now check the action of a'^x (P) when a £ S {X x X*). For ip G S (X) 
we have 

(a^(i?)^)(a;) = j j e' -•^--'^'^"^W {y,p) ^ {x)a{y,p) dy dp 

XxX* 

= jj e<---^)y^^'^e'^^~"^y'P^^{x-y){Tx®Tx^)a{p,y)dydp 

XxX* 

^(--V'P)^ [x - y) {Tx ® Tx^)a (p, y)dydp 

XxX" 

/ V{x~y) {Tx^ ®\d) {{Tx®Tx^) a) {x - Ty,y)dy 
Jx 

ip{x-y) (id ®Tx^) a{x- ry, y)dy 
(\d®Tx^)a{{l ~ t) X + Ty, X - y) (p (y) dy. 
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It follows that the kernel of (i?) is given by 

(2.8) ICa^^^R)^ {{id®T^')a)oCr 

where Cr is the map 

Cr ■■ X X X ^ X X X, Cr{x,y) ^ iil-T)x + Ty, x~y). 

Let us note that (|2.8|) is true for a £ S* {X x X*) because S {X x X*) is dense in 
S* {X X X*) in the weak topology and the mappings 

S* {X X X*) — ■,S*{Xx X*) — > B{S {X) , S* {X)), 

a ^ a'^ ^ e ^-i^^^ Op (ax) = cix (^) j 

S* {X X X*) — >S* {X X X*), a ^ ((id (^J'x^) a) o Cr 

are continuous if on S* {X x X*) we consider the a{S* {X x X*) ,S {X x X*)) 
topology and on B{S {X) , S* {X)) the topology defined by the family of seminorms 

{Pv,'/'}ip,^G5(X) 

p^,^ {A) ^\{v,Ayj)\, Ae B{S {X) , S* {X)). 

Since the equation in a G 5* (X x X*), ((id®jr~^) a) o Cr — IC, has a unique 
solution for each K. £ S* {X x X*), a, consequence of the kernel theorem is the fact 
that the map 

S* {X X X*) ^ B{S(X),S* {X)), a^a'xiR) 

is linear, continuous and bijective. Hence to each A G B{S {X) ,S* {X)) we asso- 
ciate a distribution a £ S* (X x X*) such that A — ax{R)- This distribution is 
called (X, T)-symbol of A and we shall use the notation a ~ a\ (A). When t = \ 

then a\ (A) is just the Weyl symbol of A. 

3. Kato's identity 

In this section we state and prove an extension of a formula due to T. Kato which 
is a basic tool in this paper. For a finite dimensional vector space E over R, we 
shall use the notation {E) for the subalgebra of {E) consisting of functions 
whose derivatives have at most polynomial groth at infinity. We shall need the 
following auxiliary result. 

Lemma 3.1. Let (7i, W) he a Weyl system associated to the symplectic space 6 
and let Lp,ip £ S. 

(a) If a E S* {&), then the map 

e 9 e - w (C) a (i?) w {-0 G c 

belongs to C^i (6). 

(b) If o, G S{&), then the map 

© 9 e ^ W (C) a (R) W (-0 ^)s^s' G C 

belongs to S{&). 

(c) IfaeS* (6) and ^e6, then 

W{Oa{R)W{-0^ma) (R) , 
where T^a denote the translate by ^ of the distribution a, i.e. (T^a) (77) = a (77 — ^). 
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Proof. Wc know that w — w^p^^ — {Lp,W{-)^p) ^ g, G Assume that a £ 

S* (6). Then from CoroUary Ol (glj and (gUl we get 

W (0 a (i?) W {-0 = (W (-0 « {R) W (-0 

5(6),5-(e) 



( 



5(e),5*(e) 



5(e),5*(e) \ V / /s(e),5*(e) 



\ /5(6),5-(6) \ /5(e),<s*(e) 

Hence 

(3.1) (¥.,>V(0a(i?)>V(-0V')5,5* =(«*^)(-0, 

and (a) and (b) follows at once from this equality. 

(c) We shall prove the equality for a G S {&), then the general case follows by 
continuity. For a G iS (S) we have 

= W (e*'^(«' )a) = W (t^^ = (Tja) (i?) 

and the proof is complete. | 

We shall now prove two extensions of some important identities due to T. Kato. 

Lemma 3.2 (Kato). Let (?i,W) be a Weyl system associated to the symplectic 
space 6. 

(a) IfbeS {&), ceS* (6), then b*ceS*i&) and 



(6*c)(i?) = / 6(e)W(0c(i?)W(-0de 
c{OWiOb{R)W{-Od^, 



where the first integral is weakly absolutely convergent while the second one must be 
interpreted in the sese of distributions and represents the operator defined by 



V. ( / c(ow(c)6(i?)w(-ode W' 

/ / 5,5* 

= ((^,W(.)6(i?)W(-.)^U,.,c)^^^^^^,^^^ 



for all (f, E S. 

(b) Let h G C^i (S). LfbeLP (e) and c e L^ (S), where 1 < p,q < oo and 
p-^ + > I, then b * c e L'' (e), r^^ = p^^ + - 1 and 

(3.2) {h (Pe) (6 * c)) (i?) = / b (0 W (0 {h (Pe) c) (i?) W (-0 dC, 
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where the integral is weakly absolutely convergent. 

Proof, (a) Let if, tp e S. Then w = w^^^ = {^,yV{-)ip)s S' ^ ^{^)- First we 
consider the case when b, c G <S (©). Then 

(<yj, (6 * c) (i?) V')^ 5. = / b*c{r]){^,W{T])tp)ss.dv= / b*c{T])w{r])dV 

Je Je 



= / {b*c){r])iS{-ri)dri 
Je 



J^biO (^J^Wc{v)w{v)dV^d^ 

Je ^ He ^ ^"^^ ^ ^''^ "^^^'^^ ^ 

/ 6(0(^,(T5c)(ii)V)5 5.d^ 
Je 

b{0 {^,yV{Oc{R)W{-0^)s,S'dC, 



e 

where in the last equality we used the formula (T^c) (R) = W (^) c (R) W {—(,)■ 

Let cGS* (6) and let {cj} C 5(6) be such that cj c weakly in S* {&). The 
uniform boundedness principle and Peetre's inequality imply that 

- {if, W (C) a, (R) W {-0 i')s,s' ^ W iO a (R) W (-0 V'>5,5- ' ^ ^ S. 

- There are M e N, C = C (M, w) > Q such that 

((^, W (0 cj (R) W {-0 V')5,5. 1 < C (C)"^ , e G S, 

where (^) = ^1 + |^|^^ ^ and |-| is an euclidean norm on &. 
The general case can be deduced from the above case if we observe that 

{ip, {b * cj) (R) if' * c) (i?) V')s,5. , 



{^,Wi-)b{R)Wi-)tP)ss',' 



and that the sequence |& (•) {ip, W (•) Cj (ii) W (— •) V')^ 5. | converge dominated to 

6(.)(^,W(.)c(i?)W(-)V^)5,5.. 

(b) We recall the Young inequality. If 1 < p,q < 00, + > 1, = 
p-^ +q-^ -l,be LP (6) and ceL" (6), then 6 * c e i'' (S) and 

||&*c||^.(gj < ||6||ip(s) ||c||i,(g) . 
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Let p',r' > 1 such that p^^ + p'^^ = r^^ + r'^^ = 1. Then r'^^ + q^^ > I and 

Mb e S (6) and c e L« (6), then g = h{Pe)c e S* (6) and /i (Pg) * c) = 
& * /i (Pe) c = b* g. Using (a) it foUows that 



{ip,{b*g) (P)V) 



5,5* 



b{o (¥',w(e).g(p)>v(-ov^)ce.de 



Similarly, if 6 e LP {&) C S* (©) and c e 5(6), then .g = h{Pe)c G 5(6) and 
/i (Pe) {b* c) = b * h (Pe) c ^ b * g. Using (a) again, it follows that 



{^,Wi-)giR)W{-)^)s.,,b 



5(e),5-(6) 

b{0 {v,W{09{R)W{-0 V')5.5-de 



Hence we proved (b) in the case when either 6 e 5 (6) or c € 5 (6). 

The general case can be obtained from these particular cases by an approximation 
argument. Observe that condition p^^ + q^^ > 1 implies that p < cxd or g < oo. 
For the convergence of the left-hand side of H3.2(l we use the Young inequality and 
the continuity of the map Op in Corollarv l2.2l To estimate right-hand side of ()3.2|l 
we use H3.1|l and the Holder and Young inequalities. We have 

W iO {h (Pe) c) (R) W (-0 ^>5,5* = (Pe) ^ * ^) ("0 ={c*£u) (-^ 

and 



1 / 6(C)W(0(/»(^^e)c)(i?)W(-0dn^ 

6 / / 5,5* 



[b{0 [c*hw) i-Od^ 



< II^IIlp(s) 



: * hw 



Lp'ie) 
< ll^llLP(e) l|c|lL«(e) 



hw 



where w — w^^^ — {(p, W(-)V')5 g, S 5(6). 



Corollary 3.3. Let (7i,W) be a Weyl system associated to the symplectic space 
6. Ifbe LP (6) and c € L^ (6), where I < p,q < oo and p-^ + q-^ > I, then 
b*ce L^ (6), r^^ = p^^ + q^^ - 1 and 



(6*c)(P)= / &(0>V(C)c(P)W(-e)dC, 
Je 

where the integral is weakly absolutely convergent. 

If & = T*{X) = X X X* and t an endomorphism of X , then we have 

{b*cY^{R)= I b (0 W {£) [R) W (-0 d 

where the integral is weakly absolutely convergent. 



Proof. We take h ~ ^ in the previous lemma. 
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4. Kato's operator calculus 



In 2n|j H.O. Cordes noticed that the L^-boundedness of an operator a{x,D) 
in OPSqq could be deduced by a synthesis of a{x,D) — a{R) from trace-class 
operators. In T. Kato extended this argument to the general case OPSp p, 
< p < 1, and abstracted the functional analysis involved in Cordes' argument. 
This operator calculus can be extended further to investigate the Schatten-class 
properties of pseudo-differential operators in OPSqq. 

Let 7i be a separable Hilbert space. For 1 < p < oo, we denote by Bp {7i) the 
Scatten ideal of compact operators on H whose singular values lie in P with the 
associated norm For p = oo, Boo {"H) is the ideal of compact operators on Ti, 

with ||-|L = IM1- 

Definition 4.1. Let T,A,B e B{n), A > 0, B > 0. We write 

T < {A\B) <^ \{u,Tv)\^ < {u,Au) {v,Bv), foru,v e Ti. 

Lemma 4.2. Let S,T,A,B e B{n), A>0,B>0. Then 

(i) T«(|T*|;|r|). 

(ii) r< ^T* < {B;A). 

(iii) T < {A; B) S*TS < {S*AS; S*BS) . 

(iv) Let {T,},{A,},{B,} C B{n), A, > 0, B, > 0, j ^ 1,2,.... If « 
{Aj;Bj), j = 1,2, then 



the 



that whenever the 



the same is true for the serie ^ Tj and the inequality holds. 
Proof (i) If T > 0, then T = |T| = |r*| and 



and ^ Bj converge in the strong sense, 



\iu,Tv)\^ 





2 




2 




(Tiu,Th^ 


< 

















{u,Tu) {v,Tv) , u,vGT-1. 



In the general case, T G B{H), we shall use the polar decomposition of A. 
Let T = V\T\ with \T\ = {T*T)Knd V £ B (H) a partial isometry such that 
Ker V = Ker T. Then V*V is the projection onto the initial space of V, (Ker V)'^ {= 
(KerT)^ = RanT*). It follows that |r*| = V \T\ V* since T* = V*VT*, V \T\ V* > 
and 



{v\T\v*y 

Then we have 



V \T\ V*V \T\ V* = TV*VT* 



IT* 



\{u,Tvf = \{u,V\T\vf = \{V*u,\T\v)\^ <{V*u,\T\V*u){v,\T\v) 
= {u,\T*\u){v,\T\v), u,ven. 

(ii), (iii) are obvious. 

(iv) Assume that there are A,B £ B (Ti.) such that A = s — lim„^oo X]j=i 
B = s - lim„^oo Z]j=i Bj. For n > 1, we set A (n) = Yl"=i B (n) = X]j=i ^j, 
T (n) = Y.'-^^ Tj and for n = 0, we set ^ (0) = B (0) = T (0) = 0. Since A ^ 
s — lim„^cxD A (n) by the uniform boundedness principle there is a constant C > 
such that \\A {n)\\ < C for aU n in N. 
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Let m > n. Then 




{u,{T{m)-T{n))v)\ < \Mv)\ < {u,Aju)i {v,Bjvr 

j=n-\-l j=n+l 

m 

j=n+l 

= {u, {A (m) - A (n)) u)^ (v, (B (m) - B (n)) v)^ 

< {u. A (m) u)^ (v, (B (m) - B (n)) v)^ 

< Ci\\u\\\\v\\^\\{B{m)-B{nj)v\\^ , u,ven. 

Thus 

\\T{m)v-T{n)v\\ < Ci \\v\\^ \\{B (m) - B {nj) v\\^ , vGH, 

which impUes that {T (n) v} is a Cauchy sequence for any v & H, so there is 
T £ B {H) such that T = s — lini„^(x) T (n). By passing to the hmit in the estimate 

\{u,T{m)v)\ < {u,A{m)u)^ {v,B{m)v)^ , u,veH, 
we conclude that T <^{A;B). | 

Lemma 4.3. Let Y be a measure space and Y B y ^ U (y) £ B (H) a weakly 

measurable map. 

(a) Assume that there is C > such that 



X 



\{ip,U{y)i,)fdy<cyf\m\ ip,i^eH. 



lY 

IfbGL°° (Y) and G € Bi (H), then the integral 

b{G} = J^b{y)U{yrGU{y)dy 

is weakly absolutely convergent and defines a bounded operator such that 

\\b{G}\\<C\\b\\^^ \\G\\,. 
(b) Assume that there is C > such that 

\\U{y)\\<C^ a.e.yGY. 
IfbGL^ (Y) and G G Bi {H), then the integral 

b{G}= [ b{y)U{yrGU{y)dy 



is absolutely convergent and defines a trace class operator such that 

\\b{G}\\,<C\\b\\^, \\G\\,. 
(c) Assume that there is C > such that 

|(^,C/(y)V)|'dy < Cll^fllVIl', ip,^en and 



\U{y)\\ < a.e.yeY. 
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Ifb&L'^ (Y) with 1 < p < oo and G G Bi {H), then the integral 
b{G}= I biy)U{yrGU{y)dy 



Y 

is weakly absolutely convergent and defines an operator b {G} in Bp [Ti) which sat- 
isfies 

ll&{G}||,<C||6||^, \\G\\,. 

Proof, (a) We do this in several steps. 

Step 1. Suppose G > 0. Write G = J2T=i = {"Pv) with 

{'■Pj] an orthonormal basis of 7i, \j > 0, Tr (G) ~ J2JLi = Sjli = ll^lli- 
Then 

OO 

{U {y) GU {y) V-) = E (f) ^' ^.O i^v U{y)^), yeY, ^,i:€n 

and 



b{y) {U{y)^,GU{y) ^) dy 



oo „ 

< II^IIl^o^AW \{Uiy)v,ip^){ip^,U{y)i;)\dy 

< m\L^p^^j(^J^\{U{y)^,v,)\\yy I^J^\{v,,Uiy)i^)\^dy 

oo 

= I^^A.j ll^llllV^IHGIIfcll^^llGllill^llllV^II, <p,VGH. 

Step 2. The general case, G G Si {H), can be reduced to the above case by us- 
ing Lemma 14.21 and the Schwarz inequality to evaluate the integrand. We have 
[/(y)*Gt/(y)« {U{yr\G*\Uiy);U{y)*\G\Uiy)) and 

\b [y) {U (y) ^, GU {y) ^) \<\\b\\^^ {U (y) ipAG*\U (y) ipf- {U {y) V', |G| C/ (y) V) ^ • 
Thus 



|(^,6{G}^)| 



b{y) {U{y)^,GU{y)i^)dy 



< \\bh^ (^j^ {U [y] ip, \G* I U (y) ^) d j/)' (^^ {U (y) ^,\G\U (y) V^) d y)' 

<\\b\\L^ C-^ |||G*|||f II^IIG^ IIIGIIlhlV'll 

= G||fe||^^||G|U|^|||lV^||, ^,^jeH. 
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(b) Let {ipa}aei {V'a}aei ^'^ ^^"^ orthonormal systems in H. Then we have 



\b{y)\J2\{i>^,UiyrGUiy)^^)\dy 



ael ael' 



< J^\b{y)\\\U{y)*GU{y)\ldy 

< l^\b{y)\\\U{y)f\\G\\,dy 

< G\\G\\, [ |6(2/)|dy = C||6||^, IIGIIi <+oo. 



It fohows that 

for any orthonormal systems {ipa}aei' Wa}aei- obtain that b{G} G Bi [H) 
and 

IIMG}||i<C||5||^,||G||,. 

See 13 p.246-247, Theorems 3 and 4] 

(c) is a consequence of (a) and (b) since the p-Schatten classes interpolate like 
iP-spaces: \Bi (H) , Boc {n)\g = \ Bi (H) , B {n)\g = B_j_ {n),0<9 <l, (see |MI 
p.147]). 

We now give a direct elementary proof of this part. Let {V'Qlo.g/ a-nd {Va}aei 
be two orthonormal systems in Ti.. Then by Holder inequality and part (a): 

J2U^,b{G}^Jf<Y.([ \biy)\\i^^,U{yrGUiy)^^)\dyY 

p 

^ E (/. I ('^^ ^ iy)Vo)\dyy \b (y)r I (V-a, C/ {vT GU (y) ^ J | d y 



<(C^I|G|li)' / \biy)fY.\i^o.,UiyrGUiy)^^)\dy 

<{C\\G\\,)^ l^\b{yr\\U{yrGU{y)\ldy 
<iC\\G\\,)^+' [ \b{y)\P dy ^ iC\\G\\,)^+' \\b\\l, < +00. 



Hence 

(El(^o,6{G}^jry <C||G||i||6||^, <+oo 

\aei ) 
for any orthonormal systems {V'alctg/: {-VaSaei- Thus, by using Proposition 2.6 of 
bimon 

122, we conclude that 6{G} G B^ (H) and 

I|6{G}1| <G||6||^, ||G||,. 



16 



GRUIA ARSU 



Lemma 4.4. Let {H, W) be an irreducible Weyl system associated to the symplectic 
space & . Then for any ip,ip iuH the map 

belongs to L'^ {&) Coo{G) and 

IW i'y{';)V)\ a? = ii</?"^ "-'-"^ 

'S 

For (fi, tp, ip', tp' gH we have 



I i(v',w(ov)i'de=ibriiV'ir o,nd ii(<^,w(-)v)iioo<iMi 

tp' gH we have 
Je 



Proof. Since a symplectic space has only one irreducible representation (modulo 
unitary equivalence), we may assume that & = T* {X) and that {7i,W) is the 
Schrodinger representation {H {X) ,W). U ip,ip Gn{X) = L'^ (X, da;), then 



(^,>V(x,p)V) = / ^{y}e'<y-^/^'P^^iy-x)dy 
J X 

= e-^<^'^'>Jx(^T,V)(p), 

where T^tp (•) = ip {■ — x), and 

/ i(¥',>v(e)^)i'de = // \{'P,w{x,p)^)fdxdp 

Je JJxxx* 



X 



\^x (^xV')||i2(x.) da; 



X 



L^iX) 



dx 



L 


<p (y)V' (y - a;) 


'dy^ 








L 


f {y)^ (y - x) 


^da;^ 



Let {fn} '{"^n} C S {X) such that ip^ ^ ip and Vn ~* V' in 'H{X). Since 
{(<^„,>V(-)VJ}c5(6)and 

||(^„,W(-)VJ-(<^,W(-)V)lloo = ||(¥'„-<^,W(-)VJ + (V',>V(-)(V„-^^))II 

< \Wn-V\\Un\\ + M\Un-n, ^1 € N, 

it follows that (ip^,W {■) tpn) ^ W(-) ip) in Coo (6) asn ^ oo. Hence (t^, W(-) V-') 
(6)nCoo(6), ||(^,>V(-)V)lli.(s) = Ikf llV-f and ||(^, W (•) ^)||^ < M Ul 
The last formula is a consequence of polarization identity. | 

Theorem 4.5. Let (T-L,W) be an irreducible Weyl system associated to the sym- 
plectic space 6. 

(a) IfbGL°° (6) and G e Bi (H), then the integral 

b{G}= I b{OW{OGW{-Od^ 
Je 

is weakly absolutely convergent and defines a bounded operator such that 

ll&{G}||<||&ILoo IIGIIi- 

Moreover, if b vanishes at oo in the sense that for any e > there is a compact 
subset K of & such that 

\\HL^(e\K) — ^1 
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then b {G} is a compact operator. 

The mapping {b, G) b {G} has the following properties. 

(i) 6>0,G>0==>&{G} >0. 

(ii) l{G} = Tr(G)id«. 

(iii) [b^b^){G}^{\b^\'{\G*\}■^b2\\\G\}). 

(b) If b £ U' (6) with \ < p < oo and G E Bi {Ti.), then the integral 
b{G}^ f fe(OW(C)G>V(-OdC 

is weakly absolutely convergent and defines an operator b {G} in Bp (Ti) which sat- 
isfies 

\\b{G}l<\\bh,\\G\\,. 
Proof (ii) Let G = \ip){'il:\ = (i/-, •) 'f,(p,^(^ U. Then 

W(OGW(-0 = |W(0¥')(W(OV'l 

and 

/ {u, W [0 (W (0 ^, dC = (V, V) {u. v) = (ti, Tr (|^)(^|) v) . 

So the equaUty holds for operators of rank 1. Next we extend this equaUty by 
hnearty and continuity. 

(iii) We have W (0 GW (-^ < (W (0 |G*| W (-<e) ; W (0 |G| W (-0) which 
gives 

l^'i {^)h2 (0 {v.W{£,)GW{~On 
< (|5i (Of [v. W (0 |G*| W (-0 ^)) ' (1^2 (01' W (0 |G| W (-0 ^)) ' . 
Now we just use the Schwarz inequahty to conclude that (iii) is true. | 

5. Some special symbols 

To apply Theorem 14. 51 in combination with Corollary 13. 31 we need some special 
symbols g for which 5^ [R) has an extension G £ Bi (H). Such symbols have been 
constructed by Cordes [lOj . 

Let {E, I'D be an euchdean space. If x e i?,we set (x) = ( 1 + |x| 1 . Some- 
times, in order to avoid confusions, we shall add a subscript specifying the space, 

e-g- (■,■)£, \-\e or {■)e- 

Let 6 = T* {X) with the standard symplectic structure and (X, |-|^) an eu- 
chdean space. We shall work in the Schrodinger representation {Ti {X) , W). 

Let s > 0. Then (1 - A^)* = ^x^M = = a°, (Q,P), where aix,p) = 

{■)x* 

{p)x': ix,p) £ X X X*. Let = ipf be the unique solution within S*{X) for 

Similarly, (1 — Ax*)^ = J^^Im ^J-x*- We shall denote by Xs — the unique 
solution in S*{X*) for 

{\~ Ax'f-Xs = &- 
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Let n — dim X. We recall that i), e (X)nC°° {X\ {0}), (x) and its derivatives 
decay exponentially as \x\ oo, and that i^) ^ O (^l + \ 

0, except when s — n— \a\ = in which case we have 9"V's i^) = 0^1 + log j^—^ ■ 
Xs has similar properties. 

Lemma 5.1 (Cordes nHI)- Lett,s > ^ and 

g:XxX*^R, g {x,p) = ^Jj^ (x) Xs (p) , ix,p) E X x X\ 

1. e. 9 — ipt ® Xs- Then g'-^ {Q, P) has an extension G E Bi {Ti. {X)). Moreover, for 
any a € N", (Q, P) Pa has an extension Ga G Bi {Ti, (^)). 

Lemma 5.2 (Cordes QHI)- Let t,s > n and 

g:XxX*^R, g {x,p) ^ ^j, (x) Xs (p) , {x,p) € X x X\ 

i.e. g — ipt ® Xs- ^/t G M = R • Ijf , then g"^ (Q, P) has an extension in Bi {Ti, (X)) 
denoted also by g'^ {Q,P). The mapping 

M9r^gJ(Q,P) eSi iH{X)) 

is continuous. 

For the proof of these two lemmas see jlUI . 

Let X — Xi (B ... ® Xk be an orthogonal decomposition with the canonical 
injections ji : Xi ^ X,...Jk ■ Xk ^ X and tti : X Xi,...,nk '■ X Xk the 
orthogonal projections. Then X* — X^ © ... © X^ is an orthogonal decomposition 
with nl : X^ ^ X*,...,7r^ : X^ X* as the canonical injections and : X* — > 
Xl,...,jl : X* ^ XI as the orthogonal projections. 

The mapping 

J : X X X* ^ {Xi x XI) X ... X {Xk x XI) , 
J i^^P) = ((TTia;, ji» , {iTkxJlp)) 
is an isometry with the inverse given by 

J-^ : {Xi X XI) X ... X {Xk X XI) -> X X X* , 

J^^ {{Xi,pi) , {xk,Pk)) = {Xl + ... + Xk,Pl + ... +Pk) ■ 

If ai e S* {Xl X X^),..., Ok e S* {Xk X XI), then 

a = (oi © ... ®ak)o J eS* {X X X*) 

and 

a'x {Q,P) = (Qi,^i)®-® K)i. iQk,Pk), 

where Q={Qi,...,Qk) and P = (Pi, P^). 

Let si, Sk > and s = (si, Sk). Then V's = -0^' © ... © G S*{X) is the 
unique solution within S*{X) for 

(1 - Axi)^ © ... © (1 - AxJ^ -4! = 5. 

Similarly, Xs = Xsi^ ® ■•• ^ Xsk G S*{X*) is the unique solution within S*{X*) for 

(1 - Ajf;)* © ... © (1 - Ax*)* X = S. 
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For t = {ti, ...,tk), ti, ...,tk > and s = (si, ...,Sfe), si, ...,Sfe > we introduce 
the distributions g = gt,s = ■^i't Xs ^ 5* (X x X*) and gj = gt^,Sj = i^tj Xsj ^ 
S* [Xj X Xj") , for j = 1, k. Then g = {gi® ... ® gu) o J and 

g\ (Q, P) = {giY^^ {Qi, P,) ® ... (^fe)^, {Qk, Pk) ■ 
We recall that the mapping 

Bi (w) X Bi (n) Bi{n®n), 

{A,B) A^B, 

is well defined and 

\\A ® Bll, = , (A B) e B, (H) X Si (H) . 



dim Xi 

4 



Corollary 5.3. (a) Let t = (ti, tk) , s = (si, Sfc) such that ti, si > 
tk,Sk > Let g = <?2t,2s = V'2t ® X2s € 5* (X x X*). T/ien <?o, {Q,P) has 

an extension G € Bi {H{X)). Moreover, for any a G N", g^ {Q,P)Pa has an 
extension Ga G Bi [H {X)). 

(b) Let t = {ti,...,tk), s = {si,...,Sk) such that ti,si > , ...,tk,Sk > 

^2^. Let g = g4t,4s = i^it <S> Xis & S* {X X X*). If t € M = R ■ Ix, then 
gx {Q, P) has an extension in Bi {H {X)) denoted also by g^ {Q, P). The mapping 

R3T^g^x{Q,P)^Bi {H{X)) 

is continuous. 

6. SCHATTEN-CLASS PROPERTIES OF PSEUDO-DIFFERENTIAL OPERATORS 

We are now able to consider L^-boundedness and Schatten-class properties of 
certain pscudo-diffcrcntial operators. In the notation of the previous section, 6 will 
be T* {X) with the standard symplectic structure and (X, \ -\x) an euclidean space, 
{H. {X) , W) will be the Schrodinger representation associated to the symplectic 
space S. Let X = Xi ... Q Xk be an orthogonal decomposition and X* 
\ © ... © X^ be the dual orthogonal decomposition. 

Theorem 6.1. Let a <E S*{6) and 1 <p < oo. 

(a) Assume that there are t = {ti,...,tk), s = (si,...,Sfe) such that ti,si > 
^^,...,tk,Sk>^^ and 

6 = (1 - Ax,t ® - ® (1 - AxJ*' ® (1 - ^xiY^ ... ® (1 - Ax-)'" aGLP (S) . 

Then a\ {Q, P) has an extension in Bp {H {X)) denoted also by {Q, P) and there 
is C > such that 

(b) Assume that there are t = {ti,...,tk), s = (si,...,Sfe) such that ti,si > 
!^i2^,...,tk,sk > and 

c - (1 - Axj'*^®...®(l - Axj'*'=®(l - Ax-)'''<»...<»(1 - Ax-)""" aeLP (6) . 

If T € M. = M. ■ Ix , then ax {Q, P) has an extension in Bp {Ti, {X)) denoted also by 
Ox {Q,P). The mapping 

MSr^a^ {Q,P)&Bp{n{X)) 
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is continuous and for any K a compact subset of M, there is C'k > such that 

Kx {Q:P)\\p<CK\\ch,^e)^ 

for any r G K . 

Proof (a) Fort = (ti, and s = (si, Sfc) we consider 5 = 52t,2s = V'2t'8'X2s ^ 

S* {X X X*). Recall that we use the notations of the previous section. Then 
g £ {X X X*) and a = b * g because 

(1 - Ax.Y' ... ® (1 - AxJ*" ® (1 - Ax-)'' ® ... ® (1 - Ax*)'' .9 = 

It follows from Corollary Ol fa) that (g,P) C G G Si (HiX)). On the other 
hand, by using Corollary 13. 31 and Thcorcm l4.5l (h) we coclude that 

a°x {Q, P)^{b* g fx {Q, P) c 6 {G} e {H {X)) 

and we haye 

yx iQ,P)\l<\\bh.ie)hx {Q,P)\\,- 
(b) The proof of this point is essentially the same. For t — {ti,...,tk) and 
s (si, Sk) we set g = g^t^s = V'4t®X4s G 5* (X x X*). Then g e (X x X*) 
and a = c*g. Now we apply Corollary l5.3l to obtain that (Q, P) has an extension 
in Bi {'H{X)) and that the mapping 

M3r^5^ (Q,P) eSi {n (X)) 

is continuous. From Corollary 13.31 and Theorem l4.5l (h) it follows that 

ax (0, P) - (c * 5)x (Q. ^) c c (Q, ^)} e (X)) 

and we haye 



< 



< 



iLp(e) 



l|c|| 



Lp(e) 



\9x {Q,P)\\i, 
9x {Q,P)-9x{Q,P) 



(g,P)-ai (Q,P) 

for any r, t' G M. Hence the mapping 

R3T ^ a'xiQ^P) e Bp (n {X)) 
is continuous and for any K a compact sub set of M, there is Ck > such that 

\Wx {Q, P)\\p < sup (Q, P)||i : r G X} ||c||^,(e) , 
for any t ^ K. § 

If we replace the LP-conditions by L°°-conditions, then we obtain the theorems 
due to Cordes. 

Theorem 6.2. Let a G 5* (6). 

(a) Assume that there are t = {ti, ...,tk), s = (si,...,Sfc) such that ii,si > 
^i2^,...,tk,su > and 

b={\- AxJ*^ ® ... ® (1 - AxJ**" ® (1 - Ax-)'' ® ... ® (1 - Ax*)"= a G (6) . 

T/ien fljj- (Q, P) /las an extension in B [Ti {X)) denoted also by a\ {Q, P) and there 
is C > such that 
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(b) Assume that there are t = (<i,...,tfc), s = (si,...,Sfc) such that ti,si > 



> ana 

c = (1 - Axj'*^®...®(l - Axj'*'=®(l - Ax-)'''®...®(1 - Ax-)''' a e (©) ■ 

//r e M = K • Ix, i/ien a'^ iQ,P) has an extension in B{Ti{X)) denoted also by 
a\{Q,P). The mapping 

^3T^a''x{Q,P)eB{H {X)) 
is continuous and for any K a compact subset of M, there is C'k > such that 



iQ,P)\ 



B(n(x)) 



< Ck \\c\ 



L°°(e) ' 



for any t Cz K . 



The proof of this theorem is essentially the same, the only change we must do is 
the reference to part (a) insted of part (b) in Theorem 14.51 

Let (X, \-\x) be an euclidean space in which we choose an orthonormal basis. 
Let m = [^if^] + 1 and 1 < p < oo. Then there are r = r (dimX) > ^iif^ and 
7 > such that 

||(l-Ax)>IL. f^Tllv'llp,™, V^S{X), 
where ||- \\p^m is the norm on S{X) defined by 

= max{||P0^||^, : < m} = max { IIS'^^H^, : < m} , pE S{X). 

For the proof see ^ p.118-119]. 

Let X = Xi © ... © Xk be an orthogonal decomposition, mi — [ "^'"^^^ ] + 
1, ...jnik — [^iHL^ij -|_ 1 and 1 < p < cxd. By an induction argument we conclude 
that there are ti > , 



, Tk > '^"°4^'° and 7 > such that 



(6.1) 11(1 -AxJ 



Tl 



where II- 



lp,mi,...,mk 

.mi,...,mh max 



is the norm on S(X) defined by 



LP 



= max{||(a^i)^\..(a^'=)^'=^||^^ : |/3i| < mi, |/3,| < m,.} , ^eS{X). 
We introduce the space 

Cf,,_^, = {ueS*iX):P^\..P^^-ueLPiX),\P,\<mi,...,\P,\<mk} 

= [ue S*{X) : (9^0"' - {d'^'f" ^ e (X) ,\p,\< mi, |/3,| < m^} , 

on which the norm ||- ||p,mi,...,Tnfc has a natural extension. With this norn Cf^^^ .^^ 
becomes a Banach space. 



Lemma 6.3. There are ti > """^^^ , ...,Tk > % " and 7 > such that if u £ 



CP then {l-Ax.y 



(1 - AxJ ' u e LP{X) and 



11(1 - Ax,r ® - ® (1 - AxJ"" u\\^, < j\\u \\p,m,. 
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Proof. The constants ri > ^^^^^,...,Tk > and 7 > will be those in 

(j?rT|l . We denote by L the operator (1 - Ax^Y' ® ... ® (1 - A^J''". Let {^J 
be a family of smooth functions such that < (^^ G (X), J (yS^ (x) da; = 1 and 
supp</3j C B (0; e). Let x ^ (X) be such that < x < 1, suppx C B (0; 2) and 
X\B (0; 1) = L For j £ N, j > 1, we set Xj = X {■/])■ 

Let u e CP ,„^. Then Uj = (x^u) * v^i/j e (^) and Uj u in S* [X). 

If 1 < p < cxo, then Uj ^ u in Cf^^ , because 



Since 



< 



I fc") 



ip,mi,...,mfc 



\Lu 



'3\\LP 



< l\Wj lip, 



mi ,. . . ,m/j 1 



\\Luj - Luyll^p < 7|luj - IIp,,^,,., 



it follows that Luj Lu in {X) and ||Lu||^p < 7||u \\pjni,....mk- 
If p = cx), then ttj u only in 5* {X) and 



|(V',L^/j)| < ll^ll^i lliwjll^. 



<7||^IIli 11% lie 



— TllV'llii IIXj''^ ||oo,mi,...,mfc <7(i + c(x)i ^) llV'llii Ik II oo,mi,...,mfc 1 
for all 7/; G tS (X) and j G N, j > 1. If we let j — > cx) we obtain that 

l(^,i")l < 7 II^IIli II" lloo,™i,...,m,, e 5 (X) . 

It follows that Lu e (L^ {X))* = L°° (X) and \\Lu\\^^ < j\\u ||oo,mi,...,mfc . I 

We return to the symplectic space & —T* (X). An orthogonal decomposition of 
X, X = Xi(B---(BXk, gives an orthogonal decomposition of S, S — Xi(B ■■■(BXk® 

x:® 



I XI, if on 6 we consider the euclidean norm ||(x,p)||g = ||a;|| 



X ^ \\V\\X'- 

We shall choose an orthonormal basis in each space Xj, j = l,...,/c, while in 
X* , j — l,...,k we shall consider the dual bases. Then = (^d^^ , ...,d'^'') , 

For 1 < p < cx) and t = {ti, ...,tk) £ N'' we set = M^^^ for the space of all 
distributions a G S*{&) whose derivatives (a-^i)"' ... {d^")"" {d^if' ... {d^^f' a 
belong to LP {&) whenaj,^ gp^jdimX,^ |aj|,|/?,| < tj, j ^ 1, ...,k. On this space 



we shall consider the natural norm 



lp,t 



'lp,t 



l"i|,l/3i|<ti, 



defined by 



LP 



Let mi = + 1, 



,mk 



- [^^^^] +1 and m = (mi,...,TOfe). 



A consequence of Theorem 16.11 and of Lemma 16.31 is the following 

Theorem 6.4. Assume that 1 < p < oo and let a e S*{6). 

(a) If a £ nik' then a\{Q,P) has an extension in Bp{Ti.{X)) denoted 
also by ax {Q, P) and there is C > such that 

(b) IfaG A^2mi 2mfc' then for any r G M = M • Ij^, {Q,P) has an extension 
in Bp {TL {X)) denoted also by {Q, P)- The mapping 



3 T 



a\ iQ,P)eBpin (X)) 
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is continuous and for any K a compact subset of M, there is Ck > such that 

IK (Q,nilp<CK|«lp,2„u,...,2™.. 

for any r G A'. 

Similarly, for p — oo, a, consequence of Theorem 16.21 and of Lemma |6.3I is the 
celebrated Calderon-Vaillancourt Theorem. 

Theorem 6.5 (Calderon, Vaillancourt). (a) If a e A^mi,. ^^s*^ (^xiQ^P) 
-bounded and there is C > such that 

hx iQiP)\\t3{n{X)) - <^l"loo,mi,....mfc • 

(b) If a e M^ni,...,2mk' ^^^''^ ^x iQ^P) L'^ -bounded for any t e R = M. ■ Ix- 
The mapping 

M.3T ^ a\{Q,P) eB{n (X)) 
is continuous and for any K a compact subset of R, there is Ck > such that 

\Wx {Q^P)\\b(H(X)) < |aL,2mi,...,2m. ' 

for any t Cz K ■ 

To obtain other results we shall use the following 

Lemma 6.6. Let X — XiQ) ■■■(B Xk be an orthogonal decomposition. Ifsi,...,Sk> 
0, £ > 0, then for any 1 < p < oo, 

(1 - Ax, ® 1)'^ ... (1 - 1 Ax.y (1 - Ax)"^'^+-+''"^~" G B (LP (X)) . 

The proof of this lemma is given the appendix. 

The next two theorems are consequences of this lemma, Theorem 16.11 and The- 
orem Recall that the Sobolev space Hp{&), s eM, 1 < p < oo, consists 

of all a e S*{6) such that (1-Ae)''^^a £ LP{6), and we set |ia||^,(g 



(l-Ae)^/'a 



s/2 _ 

LP(6) 



Theorem 6.7. Assume that I < p < oo. 

(a) If s > dimX and a £ {&), then a*^ (Q, P) has an extension in Bp {Ti (X)) 
denoted also by a\ {Q, P) and there is C > such that 

(b) Ifs> 2dimX and a £ (6), then for any t £R = M- Ix, {Q,P) has 
an extension in Bp {7i (X)) denoted also by ax {Q, P)- The mapping 

RBT^a'x {Q,P)£Bp{n {X}) 

is continuous and for any K a compact subset of R, there is Ck > such that 

Kx {Q,P)\\p<CK\\a\\H^^e^, 

for any t £ K . 

Theorem 6.8. (a) If s > dimX and a £ {&), then iQ,P) is L'^-bounded 
and there is C > such that 

W^x {Qi P)\\B{n{x)) - ^ ll"llff^(6) • 
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(b) // s > 2diniX and a G {&), then Ux {Q,P) is L^-bounded for any 
T G M = M • Ix • The mapping 

R3T^a''x{Q,P)eB{n (X)) 
is continuous and for any K a compact subset of R, there is Ck > such that 
hx {Q^P)\\b(h(X)) ^ '^K l|a|l//^(6) ' 

for any t Cz K ■ 

If we note that (Q, P) G B2 {V. {X)) whenever a G (S) = (6), then 
the last two theorems and standard interpolation results in Sobolev spaces (see 
Theorem 6.4.5]) give us the following 

Theorem 6.9. Let /i>l, l<p<oo and n = dimX . 

(a) If a G i/^"|i-2/p| (g)^ thena\ {Q,P) has an extension in Bp {Ti {X)) denoted 
also by a*^ {Q, P) and there is C > such that 

(b) If a £ ^2m«|i-2/p| ^gsj^ ^^^^ for any T e R = R ■ Ix, iQ^P) has an 
extension in Bp {Ti {X)) denoted also by [Q, P)- The mapping 

M9T^a^ {Q,P)eBp{H {X)) 

is continuous and for any K a compact subset of K, there is Ck > such that 

hx {Q,P)\\p < Ck ||a||^2f,„|i-2/p|^g^ , 

for any t Cz K . 



Appendix A. A class of Fourier multipliers 
In this appendix we shall prove Lemma Ifi. 61 

Let us assume that the lemma has been proved for k = 2. Let fc > 3. For 
1 < / < fc, we set = (1 - 1 ® Ax, ® 1)" (1 - A^)"""^. Then Ti G B {PP (X)) 
and 

(1 - Ax, ® ir - (1 - 1 ® Ax,r (1 - Axy^^'^-^''^-' = T,...Tk G B (L^ (A)) . 

This shows that the lema is true provided that it holds for fc = 2. 

By choosing an orthonormal basis in each space Xi and X2 we identify Ai with 
A2 with and A with R"i xR"^ Then the operator 

(1 - Ai 1)'^^ (1 - 1 ® Aa)'^ (1 - Ai 1 - 1 A^y^''^' 

has the symbol a : R"i xR"^ M defined by 

^(^1,^2) = (^i)^^ {^2)"' {iii,^2)y , (^1,^2) eR"^xR"^ 

where = (^1 + l'?!^) ^ C e R"- If we write s ^ ei + 62 with £1,62 > 0, 
then it can be easy check that for any (ai,Q;2) G N"^ x N"^, there is Cqj^q^ = 
C (ni, 712, si, S2, ai, q;2, e) > such that 
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Definition A.l. Let m = (mi, 7712) G R ■ We shall say that a : 
a symbol of degree m if a e C°° (M"i xlR"^ ) and for any (ai , 02) € x N"'^ , there 
is Cai,a2 > such that 

We denote by 5" xR"^) = 5™!'™^ (M"i xM"^) tj^e vector space of all sym- 
bols of degree m and observe that 

5(M"ix]R"^) c5™ (IR"ix]R"^) c 5* (M"ixR"^), 

<S™ (R"i xK"^ ) • (R"i xR"^ ) c 5"^+^ (R"i xR"= ) , 

m <m =^ 5" (R"i xR"=') c (R"^ xR"=^) , 

where m <rn means mi < mi, m2 < m2- 

Let ^ e C(f (M") such that < >fi < 1, ip{^) = 1 tov \^\ <l,(p{^)=0 for |^| > 2. 
We define V e Cg° (R") by 

n 

Then suppV' C G R" : 1 < |$| < 2}. 
If r > 1 and ^ e R"\0, then 



tl t ■ 



We take r — > 00 to obtain that 



1 = ^(0+/ '/M'tW, 



If we use such identities in each space M"i and R"^ ^ gg^ 



1 = <Pl (^1) V2 (C2) + V-l (I) ^2 (^2) ^+1^^^ (^l) (I) ^ 



OC />OG 



i', (I) ^2 (I) (^1,^2) e R-XM-. 

where for j — 1,2 the functions ^j.i'j G (M"^) satisfy Q <'^j < 1, t/^j (^j) = 1 
for |$^.| < 1, ip^ (^^.) = for l^^ l > 2, supp^^- C {^^ G R"^ : 1 < |^,| < 2}, and 
is given by (^,.) = -C, • Vj^^p, (C,), e R"^'. 

We make use of the following simple but important remark. If a G iS™ (R"i xR"'^) 
= ^"'i'™^ (R"i xR"2), then the families of functions 

{(V'l ® '^'2) ati,i}i<ti<oo ' {('/'i ® V'2) oi,t2}i<t,<oo ' {(^1 ^2) atl,t2}l<tl<00 

l<t2<CX) 

are bounded in S (R"i xR"^), where for ti,t2>0 

at,.t. (^1,^2) - ir"H2""^a (*i^i, ^2^2) , (^1,^2) G xR"^ 
Let ao = (v'l (g) y'a) « G (R"i xR"=^). Since 

0(^1,^2) = tTtTat.M ' (^i'^2) G R"ixR"%l < trM < 00, 



26 



GRUIA ARSU 



we can write 



0(^1,^2) = ao($i,C2) ((V'l ® ¥'2)oti,i) (|-,e2 



ti 



+ 



noo 
irir((V'i®V'2)at.,*j 



^1 ^\ cL^id^2 
' i2 / t2 ' 

(^l,e2)eM"^xR"^ 



We have 

CHr((V'i®V'2)ati,tj 



< f-i-2Ar,^™.-2^. (g^p 1^^^ ^ ^^^^^^1) |^^|2^, |^^|2iV. ^ 

(^1,^2) G K"^xR"%l < ti,t2 < 00, 



tr((<Pi®V'2)aMJ(^i,f^ 



(^1,^2) gM"^xIR"%1 <ti <oo, 



< t. 



m2-2N2 



1 2^2 



(sup ((^1 ® 1/12) ai,tj 1^21 

(^1,^2) G IR"'xIR"%l < t2 < 00, 

so if we choose Ni,N2 S N such that mi < 2A^i and TO2 < 2iV2, it follows that the 
representation 



a = ao+ I ((V'l «> </32)ati,i)t-i 1 ^ + / ((Vi ® "02) ai,t2)i *-! 



dt2 

i2 



+ 



dti di2 



nCSO 
((^l®^2)«t.,t2)*-,t, 

is valid also as equality in <S* xR"^) with the integrals weakly absolutely con- 
vergent. If we apply J^~^ to this formula we obtain a decomposition of T~^a. 
Thus 



((951 V'2)ai,t2)i,t-^ 



t2 



dh dt2 



with the integrals weakly absolutely convergent. 

Wc have 



^ ^ (((V'l0^2)«ti,t2)t-i,tji) {X1,X2) 

= t^r+n^^^+n^jr-l ((^^ ^ (ilXi, i2a;2) , 
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T ^ (((V'l ® ¥'2) ati,i)t-i,i) (2^1,2:2) = ®'/'2)ati,i)(*i2;i,a;2), 
T-^ ((K®^2)ai,t2)i,t-i) (3^1.3^2) = <r^"'-^''((</'i'^^2)«i,*2)(2;i,i2X2). 

Since the families of functions {(V^^ (g) 1^2) ati,i}i<«i<oo' {("^i ® "^^2) ai,t2}i<(,<oo' 
{(■01 ® 02) ati,t2}i<*i<oo ^i'^ bounded in S (M"^ xM"^), it follows that the famihes 



l<t2<00 



{T-^ ((^1 ® ^2) «*i.i)}i<t,<„o ' {•^"' (("^i ® V'2) ai,t2)} 



l<t2<00 ■ 



{T ^ ((■^'i «)'02)ctti,t2)}l<ti<oo , 

l<t2<00 

are also bounded in S (R""^ xR"^). In particular, for any A/' G N, there is Cjv > 
such that if (xi, a;2) G R"i xR"^ then 

\T^'^ {S:\\)^®(p^)at^,i){xi,X2)\ < Cn {{xi,X2))~'^^~^ , 

I J'^^ ((t/?! g) V2) 01,42) (a;i, 0:2)1 < Cn {{xi,X2))~'^'^~'^ , 

{{tpi iSi ^p2) ati,t2) {xi,X2)\ < Cn {{xi,X2))~'^^~'^'^ , 

where M G N, M > 1 + max {0, TOi + rii, m2 + ^2} is fixed. 
It follows that 



-1 (((V'l OV'2)ati,t2)t~\t-i) (a;i,a;2) 



(X1,X2) gR"ixR"%1 <ti,t2 <oo, 
(((^^1 ® V2) «ti,l)t-i,i) (X1,X2)| < CNtr^"' (Xi)-^ (X2)-'^ (ilXi)-^ , 

{xi,X2) G M"ixR"=,l < < 00, 



-N 



-M 



and 



^ (((¥'1 (g) V2) ai,t2)i,t-i) a;2) 



-AT 



-M 



{XI,X2) G R"ixR"%l < ^2 < 00, 

To calculate the restriction of the temperate distribution !F~^a to the comple- 
ment of the singular subset M = {{xi,X2) G R"i xlR"^ . i^j^j j^j^] = g}, we need the 
following easy consequence of Fubini theorem. 

Lemma A. 2. Let (T, fi) he a measure space, f2 c R" an open set and f : ClxT ^ C 

a measurable function. 

(a) If for any (p G C§° (fi) the function O x T 9 {x,t) ^ ip{x) f {x, t) £ C belongs 
to (O X T), then the mapping 

C^{fl)3ip^ jj ip{x)f{x,t)dxdn{t)GC 

define a distribution, the function fl 9 x — >■ // (a;, dA* (i) G C, defined a.e., 
belongs to Lj^^ (f2) and we have 



¥',y"/(-,i)dM(i)^ = JJ ^{x)fix,t)dxdfi{t) 



-lU 



^{x)f{x,t)dx]dfi{t), <^gCo°°(0). 
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(b) Assume that = M". // there is t e R such that the function R" x T 9 
{x,t) — > {x)~^ f {x,t) e C belongs to (M" x T), then the mapping 



5(K")3^^ ipix)fix,t)dxdn{t)eC 



define a temperate distribution, the function R" 3 x ^ J f (x,t) d fJ- (t) G C, defined 
a.e., belongs to Ll^^{R"), J f {■,t) dn{t) e (W) and we have 



^,Jf{;t)dn{t)'^ = JJ <p{x)f{x,t)dxdt^{t) 

= J (^J ^{x)f{x,t)dx^dti{t), ^e5(M"). 



Prom the representation formula of ^ ^o, the above estimates and part (a) 
of the previous lemma we conclude that J^~^a is a C°° function on R"ixR"2\A4 
which decays at infinity, together with all its derivatives, more rapidly than any 
power of ((a;i,a:2))" . We shall denote by S(]R"i xR"^\M) the space of elements of 
<S* (M"^ xR"^) that are smooth outside the set M and rapidly decreasing at infinity. 
Since on R"i xR"2\X we have 



^a{xi,X2) = ^ao(a;i,X2) + J T ^ (^((V'l O </'2) ati4)t7i,i) (^i' ^2) 

(((<Pl ® «l,t2)l,t-i) {Xl,X2) 

+ J J -^"^ (((V'l «)V'2)ati,t2)t-i,tji) (^i'^2) 

(xi,a;2) eR"^xR"=^\7W, 



it follows that 



"^a(a;i,a;2)| < ^ao{xi,X2)\ 

+ Cn (xi)'^ {x2y^ 



-M dti 

tl 



,m2+n2 /-i ^ \-M dt2 

C2 \t2a;2/ — — 



t2 



/oo /'OO 
imi+nii-2+n2 (^t^j^^y^ ^^^^^^ 



M d^i d^2 

tl t2 ' 

{xi,X2) gR"ixR"=\A1, 
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or cquivalcntly 

J\X2\ *2 

+ Cn larif™^-"^ 1x21""^""= r r ir+"^ (ti)-^ir+"^ {12)-"^ dil dt2^ 

J\xi\J\x2\ *1 ^2 

(a;i,a;2) eM"ixM"=\A1. 

If mi + ni > and m2 + n2 > 0, then 

C = niax| rtr+"^ {ti)-"'^, rtr+"= (t2)-^— |<oo 

and 

{xi)^ {X2)'^ \j^~^a{xi,X2)\ < {xi)^ {x2)'^ \^~^ao{xi,X2)\ 

+ CCn (kif'"^-"^ + 1x21"'"^-"^ +C|a;ir"^-"^ |a;2r'"^-"^) , 

(a;i,a;2) G M"ixR"^\A^. 

Assume that — ni < mi < 0, — n2 < m2 < and > max{ni + 1,^2 + 1}. 
Then using part (b) of the previous lemma we conclude that T^^a G (IR."^ xM"^). 
Since m <m ^ 5"" (M"i xM'^=) c (R"i xR"^)^ follows that T'^a belongs to 

(R"i xM"2) for any a G 5™ xR"^) with mi < and m2 < 0. 

Thus wc have proved the following 

Proposition A.3. Let a G 5™(M"ixM"2) = ^mi.ma (K»ixR"2), p^g denote by 
M the set {(.Ti,.'r2) G M"i xM"^ : |a;i| \x2\ = 0}. Then: 

(i) T-^a eS{W^xW^\M). 

(ii) // mi + ni > and m2 +n2 > 0, then for any iV G N, there is Cn > such 
that 

\J'-'a{xuX2)\ < Cn (ari)-^ (x2)-^ (l + |xi|-™^-"^) (l + Ixal"'"^-"^) , 

(a;i,a;2) G M"ixK"^\A1. 

(iii) //mi < anrf m2 < 0, then T'^a G (M"i xM"^). 

Corollary A.4. Lei a G 5" (M"i xK"^) = 5™!'™^ (M"i xK"^) and 1 < p < oo. // 

mi < and m2 < 0, then a (ffeni , F^n^ )eB{LP x M"^)). 

Corollary A. 5. If si,S2 > 0, £ > and 1 < p < oo, then 

(7 - Ai lY' (7 - / ® A2)'= (7 - Ai 7 - 7 A2)-'^-'=-" 

gS(LP(IR"^ xM"=)). 
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